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Abstract—Entanglement distribution is a core function of
quantum networks essential for operations including teleporta-
tion, distributed quantum sensing, and multisite computation.
Entanglement throughput and fidelity are two critical perfor-
mance measures that depend on the quantum transmission along
the links and swapping operations at the repeaters along the path.
We study the problem of computing a end-to-end entanglement
path that satisfies both fidelity and throughput requirements,
leveraging qubit buffers at the nodes and considering the
sequential swapping order. We show that the general problem
of simultaneously satisfying both metrics to be NP-hard, and
develop an algorithm to maximize throughput subject to a given
fidelity threshold. We introduce the concepts of entanglement
probability distribution and path domination and exploit them
in the design of our algorithm. Extensive numerical results show
that our algorithm can find optimal solutions in networks with
thousands of nodes in less than a second. We also describe
practical and possible implementation aspects of this algorithm
in terms of devices and architecture support.

Keywords: Quantum networks, entanglement routing, entan-
glement swapping, throughput, fidelity, path metrics.

1. INTRODUCTION

Entanglement distribution is a core function of quantum
networks due to its essential role in implementing several
important capabilities including teleportation, quantum key
distribution, distributed quantum sensing, and multisite quan-
tum computing [19, 26-28]. We consider quantum networks
consisting of first- or second-generation quantum repeaters
whose primary goal is to distribute entanglement between
specified pairs of source and destination nodes. To accomplish
this task, neighboring nodes first generate entanglement at
the physical link level; these entangled states (which cover
relatively short distances) then undergo entanglement swap-
ping operations that, if successful, result in direct end-to-end
(E2E) entanglement shared between the source and destination
nodes. Nodes running quantum applications can then consume
the generated entanglement as a fungible resource.
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The throughput and fidelity of the entanglement distri-
bution are two important performance metrics of quantum
networks [27, 28, 34]. They depend on the transmission
of photons along the fiber links between the repeaters or
routers on the E2E path and also swapping operations at
them. Under the “sequential order” [6, 27], swapping oper-
ations are performed sequentially at the repeaters or routers
starting from s and progressing towards ¢t. We focus on the
sequential swapping order and design an optimal algorithm
that can compute an E2E entanglement path with maximum
throughput subject to a fidelity constraint.

We formulate an abstraction of path computation with the
primary goal of establishing entanglement, i.e., Bell pairs of
desired fidelity and throughput, between source node s and
destination node ¢. We show that the general problem of
satisfying both throughput and fidelity requirements is NP-
hard and develop an algorithm to compute an s-¢ path that
maximizes throughput subject to a fidelity constraint.

Our algorithm first generates a number of bound channels
(defined in Section 3), attempts to generate entanglement on
each of these bound channels, and then sequentially swaps
them from s to ¢, resulting in an s-t entanglement with
maximum throughput while ensuring the fidelity constraint.
We introduce the concept of entanglement probability dis-
tribution (EPD) for an entanglement path, that summarizes
essential properties of entanglement distribution. We define
a dominance relation among entanglement paths, and prove
that it holds as the entanglement paths are extended by
an edge-width pair in the proposed algorithm. Its practical
implementation requires devices that implement entangle-
ment generation and swapping operations, together with an
architecture that provides the needed state information and
conventional network operations.

The main contributions of this paper are as follows.

« We formalize the entanglement path computation prob-
lem by specifying not only the E2E path, but also the
number of bound channels to be used on each link of
the path.

« We prove that the general problem of computing an s-t
entanglement path satisfying both fidelity and throughput
constraints is NP-hard.

e We present an algorithm for computing an s-t entan-
glement path that maximizes throughput subject to a
given fidelity constraint. The algorithm starts at the
source node and extends a partial entanglement path
by appending an edge to it, one hop at a time.
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« We introduce the concept of entanglement probability
distribution and a dominance relation that prunes partial
entanglement paths that cannot be extended to produce
an optimal path. This technique significantly reduces
the running time of the algorithm. Extensive numerical
results show that our algorithm can compute an optimal
solution in networks with thousands of nodes in less
than a second.

The rest of this paper is organized as follows. We place
the proposed work within the broader context of quantum
networking and path computation algorithms in Section 2. We
present a graph model of a quantum network and the definition
of entanglement paths in Section 3. We define metrics for
entanglement paths and formulate the problems in Section 4.
Critical properties of entanglement paths are established in
Section 5. The path computation algorithm and its analysis
are presented in Section 6. Evaluation results are presented
in Section 7. We conclude the paper, with implementation
aspects of the algorithm and future research in Section 8. For
ease of reading, proof of NP-hardness of the problem and
differentiation of the model in this paper with flow-based
models are deferred to the appendix.

2. RELATED WORKS

Practical realization of long-distance entanglement distri-
bution in a quantum network requires a combination of
hardware—e.g., sources, detectors, and repeaters [2, 33]—
supported by architectures and protocols that specify path
computation and routing [27, 29]. Entanglement paths have
been studied extensively from various perspectives, including
architecture, performance analysis, practical implementations,
incorporation of physical parameters and algorithms [7, 36].
We briefly review works that are directly related to our
path computation formulation. Our focus is on the algorith-
mic aspects of computing entanglement distribution paths
by abstracting the properties of communication links and
entanglement swapping operations using a graph model. The
authors of [38] presented approximation algorithms for a
similar problem which also employs entanglement purification.
We present a practical optimal algorithm.

Pirandola et al. [20] study multi-path routing in a diamond
topology. Schoute et al. [25] develop a comprehensive
framework to study quantum network routing in ring or
sphere topologies. Das et al. [11] compare different special
topologies for entanglement routing. Pant et al. [19] develop
and study entanglement routing methods in grid networks.
Chakraborty et al. [4] study greedy routing methods in
ring and grid networks. Caleffi [3] derives a closed-form
expression for the expected entanglement rate over a chain of
repeaters. Ciobanu et al. [8] study entanglement distribution
in a multi-ring topology. The above works focus on special
network topologies. Shi and Qian [26] study entanglement
path computation in a general network. Our paper follows
the model used in [19] and [26].

Different physical parameters are incorporated into entan-
glement paths in a number of works [20, 29]. Specifically,
Caleffi [3] takes into consideration a comprehensive set of
architectural parameters that affect the rate, such as memory
coherence times and imperfect measurements. A routing algo-
rithm is presented and shown to be optimal in entanglement
rate, although its runtime scales poorly with the number of
simple paths in the network. Moreover, an implicit assumption
of the work is that all link-level entanglement generation takes
place simultaneously—a potentially impractical assumption
for quantum network architectures that adopt the “connec-
tionless” paradigm and cannot rely on resource reservation.
The author further points out that it does not optimize the
swapping strategy for the underlying network architecture, an
important consideration in the presence of decoherence.

In terms of algorithms, our work is related to both quickest
and multi-path computations in networks [21, 35]; specifically,
it is a special case of multifiow problems [1, 17] but more
general than shortest path problems that can be solved by
Dijkstra’s algorithm [9]. Van Meter er al. [29] describe a
class of path computation algorithms in quantum networks
that can be solved using Dijkstra’s algorithm by expressing
costs as additive scalar weights on nodes and links. The
presence of buffers makes our problem more complex since
the throughput cannot be reduced to a single additive scalar
edge- or node-cost needed by Dijkstra’s algorithm in [29].

3. GRAPH MODEL OF QUANTUM NETWORKS

We present a graph model compatible with most network
architectures [27, 28], that employ quantum repeaters that (a)
possess quantum memories with sufficiently long coherence
times to accommodate the amount of time needed to perform
entanglement swapping across the diameter of the network
in a sequential manner (i.e., originating at the source node
and progressing gradually towards the destination node), and
(b) perform gates of adequately high fidelity to result in
E2E entanglement of admissible quality for the requesting
application.

A. Graph Representation of a Quantum Network

We represent a quantum network as an undirected graph G =
(VE,C,Q,p,w,q) with edge and vertex attributes:

e V. ={uv,vs,...,v,} is the set of vertices, each corre-
sponding to a quantum repeater or an end node;

e E C {(u,v)|u,v € V,u # v} is the set of undirected
edges, each corresponding to an optical fiber link con-
necting nodes u and v;

e Cyp €{1,2,...,C} is the set of available undirected
quantum channels on edge (u,v), ¥(u,v) € E;

e (Q, > 0 is the number of available quantum memories
at vertex v, Vv € V;

e Dyw € [0,1] is the entanglement generation success
probability for a channel in C, ,, V(u,v) € E, when
required qubits are available at both u and v;
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e Wy € [0,1] is the Werner parameter [5] for any entan-
glement over a quantum channel in C,, ,, V(u, v) € E;

e gy € [0,1] is the success probability of an entanglement
swapping attempt at vertex v, Vv € V.

In the above, n = |V| is the number of vertices, m = |E| is
the number of edges, C' = max(, ek |Cu,| is the maximum
number of quantum channels an edge may have. Since the
graph is undirected, (u,v) and (v,u) denote the same edge.
As aresult, C, , = C, 4, Puw = Py,u, and Wy, = Wy ,, for
each edge (u,v) € E.

We use the terms vertex and node interchangeably. Sim-
ilarly, we use the terms edges and links interchangeably.
Although the edges are undirected, for technical clarity, we
impose a direction on a path. Therefore, ug-ui-- - - - Up_1-Up,
denotes the h-hop path from wug to wu; via intermediate
nodes w1, uso,...,up_1. We abbreviate quantum channels as
channels.

Figure 1. Example quantum network. A vertex v is illustrated by a circle,
with v and g, inside. The number of small circles inside the circle for vertex
v denotes the number of available quantum memories at vertex v. For each
edge e = (u,v), the number of line segments connecting w and v denotes
|Cu,v|; the 2-tuple next to these line segments denotes (Du,v, Wu,v)-
Figure 1 shows a quantum network with V = {a,b,d, s, t}
and E = {(a,b), (a,s),(b,d), (b,s), (b,1),(d,1)}; Qa = 2,
Qb:4~’ Qd:?)s QS:4~9 Qt:?); Qa:0-8» qb:O'97 Qd:
0~9’ qs = 09’ gt = 09’ |(Ca7b| = 1’ |(Ca7s| = 1’ ‘Cb7d| = 2»
|(Cb,s = 37 |(Cb,t = 2’ |(Cd,t| = 1; Pab = 097 Pa,s = 079
Pvd = 0.9, DPb,s = 0.8, Dbt = 0.4, Pdt = 0.9; Wa,b = 0.9,
Wa,s = 09, Wh,d = 09, Wp,s = 09, Wt = 08, Wd,t = 0.8.
We will use this example network for illustration in this paper.

To aid the reader, we summarize the notations used in this

paper in addition to the ones described in Section 3A.
Table 1
ADDITIONAL NOTATIONS USED IN THIS PAPER

Notations Description

e(u,v) entanglement connecting nodes u and v.

[(u,v), ] edge-width pair; (u,v) is the edge, c¢ is the width.
st an ePath connecting node s to node ¢.
7®[(u,v),c] extension of ePath 7 by edge-width pair [(u,v), c].
W (e(u,v)) Werner parameter of entanglement e(u, v).

W () Werner parameter of ePath .

F(e(u,v)) fidelity of entanglement e(u, v).

F(r) fidelity of ePath 7.

T(7) throughput of ePath 7.

R(m) residual quantum memory of ePath 7.

pL(u’v)‘C] probability that EG((u,v),c) produces exactly k

entanglements on edge (u,v).
ol entanglement probability distribution (EPD) of ePath
m p" = (P§,PT,- -+ P&)-

Xr number of E2E entanglements generated on ePath 7.
X >t Y X is stochastically larger than or equal to Y.

w1 > o 71 is stochastically stronger than m2: X7 >st Xny.
T = Y 71 dominates 7o.

B. Entanglement Generation

A node u € V can assign one of its qubits to a quantum
channel in C,,,, on an adjacent edge (u,v) [19, 26], so that
each qubit is assigned to at most one channel, and each end
node of a channel is assigned at most one qubit. A channel
that has qubits assigned to both end nodes is called a bound
channel [6].

To generate an entanglement on a bound channel on link
(u,v), adjacent repeaters u and v, equipped with quantum
memories (e.g., atomic ensembles [24], ion traps [13], or
color centers [23]), are optically interfaced across the link.
A variety of approaches for entanglement generation can
be used, including (i) detection of one or two photons at
the midpoint, (ii) distribution of entangled photons from the
midpoint to each node, or (iii) single-photon transmission
across the full link [18]. Each method has its own advantages
and disadvantages that depend on the physical platform and
experimental conditions. Importantly, our formalism applies
equally well to all of them; the only requirement is that the
entanglement generation process between nodes u and v be
heralded and characterized by some probability of success.

Definition 1 (Edge-width Pair): For edge (u,v) and a
positive integer ¢ < min{|C, u|, Qu, @y}, the 2-tuple
[(u,v), ] is called edge-width pair, where (u,v) and c¢ are
the edge and width, respectively. ]

Given an edge-width pair [(u, v), ¢], we attempt to generate
c entanglement connecting v and v simultaneously using c
channels in C,, ,. Because we are using ¢ bound channels on
edge (u,v), this requires ¢ quantum memories at node u and
¢ quantum memories at node v.

Let EG((u,v),c) denote the process of simultaneously
attempting to generate entanglement on ¢ bound channels on
link (u,v). The probability that the operation EG((u,v),c)
results in exactly k entanglement between u and v is

[(u,v),e] (;)Pﬁ,u(l - pu,v)c_k’ 0<k<c (3.1)
Pi 0, c<k<Cc

under the statistical independence conditions on the entan-
glement generation process [6, 19, 26]. We assume that
each generated entanglement e(u,v) has Werner parameter
W(e(u,v)) = wy,y, hence its fidelity with respect to an
ideal Bell state is F(e(u,v)) = SV 5] Although a
significant simplification, the Werner state assumption permits
conservative “worst-case” fidelity estimates [14], facilitates
straightforward swapping calculations [16, 30], and reflects
many types of random independent noise sources that impact

entanglement generation in practice [18].

C. Entanglement Swapping

Let e(u,v) denote an entanglement between possibly non-
adjacent nodes v and v. Two entanglement are said to be
adjacent if they share a common end node. Let e(x,y) and
e(y, z) be two adjacent entanglement. After y receives herald-
ing signals from x and z indicating successful generation
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of e(z,y) and e(y,z), y attempts a swap of e(x,y) and
e(y, z) to obtain entanglement connection e(x, z). As with
entanglement generation, the specific swapping procedure
depends on the physical system, but is often realized by
optical excitation of co-located memories followed by pho-
todetection (of either one or two photons) [13, 18, 24]. Let
W (e(x,y)) and W (e(y, z)) denote the Werner parameters of
e(z,y) and e(y, z), respectively. Conveniently, the swapped
entanglement e(x, z) is also a Werner state, with parameter
equal to the product of the parameters for e(x,y) and
e(y, z), i.e., W(e(z, z)) = W(e(z,y)) x W(e(y, z)) [16, 30].
The fidelity of e(x,z) can be computed accordingly, i.e.,
F(E(SC, Z)) _ 1+3Wie(x,z)) )

Suppose there are [ entanglement connecting nodes z
and y, and r entanglement connecting nodes y and z; we
can simultaneously attempt min{l,r} entanglement swaps at
node y. The probability that these swaps result in exactly k
entanglements connecting x and z is p(l, 7, k, ),

(L desq,) = { (e mindl, 7}
0, k> min{l,r}
(3.2)
under the assumption that entanglement swapping processes
are statistically independent at the repeater [6, 19, 26].

D. Entanglement Path

We are interested in computing an s-t entanglement path
which is defined as follows:

Definition 2 (Entanglement Path): An  entanglement
path 7, ; connecting node s € V to node ¢ € V is an ordered
sequence of edge-width pairs [(ug,u1),c1], [(u1,uz),ca],

-y [(up—1,upn), cp] such that

¢ <|Cy yuil, i =1,2,...h, (3.3)

Cc1 S Qucn Ch S Quh7 (34)
Ci+ci+1gQuiai:]-va‘"ah_]-» (35)

where ug = s, up, = t, and ug-uq----- up, 18 a simple path
from ug = s to up =t. U

In the above, ¢; denotes the number of simultaneous
entanglement generations to be performed on link (u;—1,u;),
i = 1,2,...,h. Since we need to have ¢; bound channels
on link (u;—1,u;), « = 1,2,...,h, we need to satisfy the
quantum memory constraints (3.3)-(3.5). We also write 7y, .,
as Myg,u, = [(Uo, ul)a Cl]'[(u17 u2)7 62] """ [(uh—h uh)7 Ch]'
We abbreviate entanglement path to ePath, and abbreviate
Tue,u, t0 7 if there is no ambiguity.

Although the quantum network is undirected, we impose
a direction for ePaths for clarity: 7, ; is an ePath from s to ¢.
We assume that ug = s and up, = ¢ in the rest of this paper
unless specified otherwise.

Figures 2(a)-2(e) illustrate different ePaths for the network
in Figure 1. (a) and (b) illustrate two different ePaths from
s to t; (¢) and (d) illustrate two different ePaths from s to b;
while (e) illustrates an ePath from s to d.

o°cs)\c:
(a) An ePath from s to ¢
o\ U 6O\ \/ Q)
s of % b o} oto
N
(b) Another ePath from s to ¢
o O - _/ o
s oF 4@ oto
(¢) An ePath from s to b
D 6D
oao lodo
o\ U f > \J f Q)
0°S Of - o\ljj oto

(d) Another ePath from s to b

oo

(e) An ePath from s to d

Figure 2. Different ePaths in the quantum network in Figure 1. Arrows indi-
cate the imposed direction of ePaths. (a) ePath [(s, b), 2]-[(b, d), 2]-[(d, ?), 1].
(b) ePath [(s,b),2]-[(b,1),2]. (c) ePath [(s,b),3]. (d) ePath [(s,b),2]. (e)
ePath [(S, b)’ 2}'[(b7 d)7 2]

E. Entanglement Generation and Swapping along an ePath

Given an ePath my ., = [(uo,u1),c1]-[(u1,u2),co]----
-[(up—1,un), cn], we can establish zero or more entanglement
connecting nodes ug and uy, using Algorithm 1, as follows.

In Phase 1 (Lines 1-3), the protocol makes c; entanglement
generation attempts on ¢; bound channels on edge (u;—1,u;),
for i € {1,2,...,h}. These probabilistic operations can be
performed in parallel (or in any order). We use ¢; to denote
the number of entanglement established on link (u;_1,u;) as
a result of these ¢; attempts, for ¢ € {1,2,...,h}. Note that
¢; is a random integer between 0 and ¢;, for ¢ € {1,2,...,h}.

In Phase 2 (Lines 4-11), the protocol performs entangle-
ment swapping along the ePath in sequential order. At node u;,
there are ¢; entanglement connecting node ug to node wu;, and
C;41 entanglement connecting node u; to node uw; 1. If ¢; =0
or ¢;+1 = 0, the protocol stops, without establishing any
entanglement connecting node 1 to node uy. Otherwise, the
protocol performs min{¢;, ¢; 11} entanglement swap attempts
at node u;, establishing ¢;4; entanglement connecting node
ug to node wu;yi. The process continues for up to h — 1
iterations.

Suppose that ePath 7, ; is the one illustrated in Figure 2(a).
We have h = 3; ug = s, uy = b, ups = d, ug = t;
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Algorithm 1: EGS (7, v, )

// Entanglement generation and swapping
on ePath mug,u,
Input: ePath 7y ., =
[(uo, ua), ex]-[(ua, uz), cal-- - -[(un—1,un), cnl.
Output: Number of entanglement connecting wo and up,
corresponding to Ty, u;,

/+ Phase 1: entanglement generation */
1 for Vi € {1,2,...,h} do
2 Apply EG((ui—1,u:), ¢i);
3 ¢; < number of entanglement connecting u;—1 and u;
successfully established;

/+ Phase 2:

C1 <+ C1;

fori=1,2,...,h—1do

if (Ei ==0o0r ¢i41 == 0) goto 13;

Let 61(’1,Lo, ui), GQ(UQ, u,-), RN (uo, ul) be the ¢;
entanglement connecting uo and u;;

8 Let e (ui, ui+1), ez(ui, ui+1), cey €0 (ui, ui+1) be

the ¢;+1 entanglement connecting u; and w;41;

9 for Vj = 1,2,.‘.,min{(~:i76i+1} do

10 | Swap e;(uo,ui) with e;(ui, uit1) at node ;.

entanglement swapping */

B - N B

11 Ci+1 < number of entanglement connecting uo and
u;4+1 successfully established;

12 stop: Output ¢; // Exit 1: established ¢,
entanglement
13 stop: Output 0; // Exit 2:

entanglement

established 0

o s o] .
0.9 (0.8, 0.9)

(a) 2 entanglement generation attempts on link (s, b); 2 attempts on
(b,d); 1 attempt on (d, t).

)
ode
® 0 0
s o ebo
(b) Case with (¢1,¢2,¢3) = (1,0,1)

(2,1,1)

(e}
@}

Figure 3. Possible results of Phase 1. Dashed lines denote entanglement gen-
eration attempts. Lines with arrows denote established entanglement. (a) En-
tanglement generation attempts on the ePath [(s, b), 2]-[(b, d), 2]-[(d, t), 1];
(b) The case (¢1,c2,¢3) = (1,0, 1); (c) The case (¢1,¢2,¢3) = (2,1,1).

(c) Case with (¢1,¢2,¢3) =

c1 = 2,c3 = 2, c3 = 1. The entanglement generation
attempts are illustrated in Figure 3(a). After Phase 1, there
are a total of 22 x 22 x 2! = 32 possible results. Here we
make two entanglement generation attempts on two bound
channels on link (s, b), two attempts on two bound channels
on link (b,d), and one attempt on one bound channel on
link (d,t). For the entanglement generations on link (s, b),
it is possible for both to be successful, with a probability
of ( )pS p> it is possible for one to be successful and the
other unsuccessful, with a probability of ( ) Dsb(1 —psp)s it

is possible for both to be unsuccessful, with a probability
of (3)(1 — ps,p)? Similar analysis can be applied to the
entanglement generations on links (b,d) and (d,t). The
results on the three links along the path are independent.
If we just consider the number of different values of the
tuple (¢1,¢Co,C3), there are a total of 18 cases: where ¢; €
{0,1,2}, ¢, € {0,1,2}, and ¢3 € {0,1}. The probability
of having the super-case with (c1,62,63) = (1,0,1) is
[@) X psp(l = psp)]| x [( ) x (1= ppa)?] ¥ ( ) X pay] =
0.32 x 0.01 x 0.9 = 0.00288. This is shown in Figure 3(b).
The probability of having the case with (¢1, ¢a,¢3) = (2,1,1)
i L@) xp2y] % () % pra(l = poa)] % [() xpar] =
0.64 x 0.18 x 0.9 = 0.10368. This is shown in Figure 3(c).

——

0
ey odoejk

e /_ »
° X9
oOS o)k (@ b o
(a) Swap at ¢ = 1 succeeds
)
ode -
o /60
s o (ebo
(b) Swap at i = 1 fails
)
/_,——l-———ﬁ—""’_\“\\

@ ¢ /60 ~ )
°s o) (e b o T oto
(c) Swap at ¢ = 2 succeeds

)
oo\ /60 o
0°S o) (@b o oto

(d) Swap at ¢ = 2 fails

Figure 4. Possible results of Phase 2, assuming Phase 1 results in the case
illustrated in Figure 3(c). (a) Swap at ¢ = 1 (at node b) succeeds; (b) Swap
at 7 = 1 (at node b) fails; (c) Swap at 7 = 1 (at node b) succeeds, then swap
with ¢ = 2 (at node d) succeeds; (d) Swap at ¢+ = 1 (at node b) succeeds,
then swap with ¢ = 2 (at node d) fails.

Now assume that Phase 1 resulted in the case shown
in Figure 3(c). We perform Phase 2. For ¢ = 1, we have
¢, = 2 and ¢, = 1. Therefore, we perform min{¢;,é} =1
entanglement swap at node b. If the swap is successful,
we have an entanglement connecting node s to node d as
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illustrated in Figure 4(a); otherwise, we have the situation as
illustrated in Figure 4(b) and the algorithm stops. Now assume
that the swap for ¢+ = 1 is successful. For ¢ = 2, we have
¢y = 1 and ¢35 = 1. Therefore, we perform min{¢cs,é3} =1
entanglement swap at node d. If the swap is successful,
we have one entanglement connecting node s to node ¢ as
illustrated in Figure 4(c); otherwise, we have the situation as
illustrated in Figure 4(d).

4. PATH METRICS AND PROBLEM FORMULATION

In this section, we study various metrics of an ePath, including
residual quantum memory, fidelity, entanglement probability
distribution, and throughput. We also formulate the problems
to be studied in this paper.

A. Fidelity and Residual Quantum Memory of an ePath

The Werner parameter and fidelity of an ePath m, ., =

[(wo,u1), c1]-[(u1,u2),ca]-- - [(up—1,up),cp] can be com-
puted as
W(Truo,uh) = H?:lw(e(ui—lvui)) = H?:lwuthuw 4.1)

F(ﬂumuh) — M (4.2)

The residual quantum memory of an ePath is the number
of quantum memories at the destination node of the ePath
that remain available, excluding those allocated to the ePath.

Definition 3 (Residual Quantum Memory): Let 7, 4,
= [(uo,u1),c1]-[(ur,u2),col--+ -[(up—1,un),cn] be an
ePath connecting ug to uy. The residual quantum memory of
Tug,up, 18

R(Wuo,uh,) = Quh — Ch- 4.3)
As a technical convention, the residual quantum memory of
an empty ePath 7, 4, 1S Qu,- O

We illustrate the concepts of Werner parameter, fidelity,
and residual quantum memory of an ePath with the aid
of Figure 2. Note that the vertex attributes and edge at-
tributes of the quantum network are given in Figure 1. For
the ePath m; = [(s,b),2]-[(b,d), 2]-[(d,t), 1] shown in Fig-
ure 2(a), the Werner parameter is W () = W([(s,b),2]) X
W([(b,d),2]) x W([(d,1),1]) = wsp X Wpa X was =
0.9%0.9%0.8 = 0.648; the fidelity is F(m;) = WM
0.736; the residual quantum memory is R(m) = Q¢ —1 = 2.
Note that the residual quantum memory of an ePath is
only concerned with the amount of quantum memory at the
destination node still available after the allocation to the
ePath. It is not concerned with the other nodes on the ePath.

B. EPD and Throughput of an ePath

Let mugu, = [(uo,u1),c1]-[(u1, u2),co]- -+ -[(un—1, un),cnl
be an ePath connecting node ug to node wp. Each time
we execute the protocol in Algorithm 1, the number of
uo-up, entanglement generated may be different from other
executions. Therefore, the result of the execution is a random

variable. We call the expectation of this random variable the
throughput of ePath m,, ,,, and denote it by T'(my, v, )-

Definition 4 (EPD of an ePath): Let 7, ,, =
[(uo, u1), er]-[(ur, uz), ca]-+ - - - [(un—1,  wun), cn] be an
ePath connecting node ug to node uy. Let p,“*“" be the
probability of having exactly k entanglement connecting
ug and up when we execute the protocol in Algorithm 1,
k =0,1,...,C. We call the (C + 1)-dimensional vector
pTuoun = (pgOh py Ot L, py ) the entanglement
probability distribution (EPD) of 7, 4, . U

Theorem 1: Let ~ > 1 be an integer. Let my, ., =
[(ug, u1), c1]-[(u1,u2), co]-- - - [(un—1,un), cy] be an h-hop
ePath connecting uo to wy. The EPD of m,,,, can be
computed recursively as follows:

R E=0,..,C;  (44)
c C

R = > py Rl ol kg, ),
l=k r=k

k=0,...,Cii=2,...,h, (4.5)

where the vector pl(#i-1:%):¢] js computed by (3.1), and
p(l,r k,q) is computed by (3.2). O
Proof. The protocol in Algorithm 1 tries ¢; entanglement
generations on edge (u;_1,u;). Therefore pllwi-tui)el g
computed by (3.1), fort =1,2,..., h.

Algorithm 1 performs entanglement swapping sequentially
from left to right (at vertices wuq,uo, ..., un—1, respectively).
While performing entanglement swaps at vertex wu;_i, the
probability of resulting in exactly £ entanglement connecting
ug and u; is computed by (4.5), as the algorithm performs
min{l/,r} entanglement swaps at vertex u;,_1 for I =k, k +
1,....,Candr=k,k+1,...,C. |

Definition 5 (Throughput of an ePath): Let m be an
ePath, with EPD p™. We call

C
T(m) =Y kxpf
k=1

the throughput of . O

Recall that C' = 3 in our example network in Figure 1. By
convention, the EPD of the empty ePath [(s, s),0] at node s
is (0,0,0,1). The throughput, Werner parameter, and fidelity
of this empty ePath are 3, 1, and 1, respectively. The EPD of
the ePath [(s,b), 2]-[(b,d), 2]-[(d,t), 1] shown in Figure 2(a)
is (0.2694,0.7306,0,0). The throughput, Werner parameter,
and fidelity of this ePath are 0.7306, 0.6480 and 0.7360,
respectively.

(4.6)

C. Single-pair ePath Problems

A fundamental problem in quantum networking is to find
an ePath connecting a source node s to a destination node
t whose fidelity is at least a given fidelity threshold and
whose throughput is at least a given throughput threshold.
We formally define this problem as follows.

Definition 6 (FnT-constrained ePath): Given a source
node s and a destination node ¢ in the quantum network
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G, together with a fidelity constraint F and a throughput
constraint T, the fidelity- and throughput-constrained ePath
problem asks for an s-t ePath 7y, with fidelity at least F
and throughput at least 7.

An ePath has fidelity at least F if and only if its Werner
parameter is at least 4@’1. Therefore, the fidelity constraint
can be equivalently specified as a Werner parameter constraint.

The general FnT-constrained ePath problem is NP-hard, as
stated in the following theorem. We leave the proof of this
theorem in Appendix A for a smooth flow of the paper.

Theorem 2: The FnT-constrained ePath problem is NP-
hard. (]

The FnT-constrained ePath problem is a feasibility problem.
One of its optimization problems is the following Fidelity-
constrained Max-throughput ePath problem.

Definition 7 (F-constrained Max-throughput ePath):
Given a source node s and a destination node ¢ in the
quantum network G, together with a fidelity constraint F,
the fidelity-constrained maximum-throughput ePath problem
asks for an s-t ePath 7, ; that has the maximum throughput
among all s-t ePaths whose fidelity is at least F. ([

The above two problems are closely related. The fidelity-
and throughput-constrained ePath problem is a feasibility
problem. It asks for an s-¢ ePath that satisfies the fidelity and
throughput constraints. The fidelity-constrained maximum-
throughput ePath problem is an optimization problem. It asks
for an s-t ePath that has the maximum throughput among all s-
t ePaths satisfying the fidelity constraint. The FnT-constrained
ePath problem is feasible if and only if the throughput of
the maximum throughput s-t ePath subject to the fidelity
constraint is at least as large as the throughput threshold.
Therefore an algorithm for the F-constrained Max-throughput
ePath problem solves both problems.

By properties of the Werner state, any ePath has a fidelity at
least %. Therefore, when the fidelity constraint F is less than
or equal to %, the fidelity-constrained maximum throughput
ePath problem reduces to the (unconstrained) maximum-
throughput ePath problem.

Symmetric to the Fidelity-constrained Max-throughput
ePath problem, we can also study the throughput-constrained
max-fidelity ePath problem. Our algorithm can be modified to
solve the throughput-constrained max-fidelity ePath problem.
Due to space limitations, we concentrate on the fidelity-
constrained max-throughput problem in this paper.

For the quantum network in Figure 1, the ePath connecting
s to t with maximum throughput is the ePath illustrated in
Figure 2(a), with throughput 0.7306, Werner parameter 0.6480,
and fidelity 0.7360. The maximum fidelity ePath connecting
s to t has a fidelity 0.7900, and it is illustrated in Figure 2(b),
with throughput 0.6451, Werner parameter 0.7200, and fidelity
0.7900. The maximum-throughput s-t ePath with fidelity at
least 0.70 is the ePath in Figure 2(a). There is no ePath from
s to t with fidelity at least 0.75 and throughput at least 0.70.

5. EXTENSION AND DOMINATION OF EPATHS

In this section, we present the extension operation and
dominance relation of ePaths. Given an s-y ePath 7, ,, and
an edge-width pair [(y, 2), ], we can extend 75 ,, by [(y, 2), ¢]
to obtain an s-z ePath 7, ., provided that certain conditions
are met. Path extension is an operation used in our algorithm.
Path domination is an important binary relation on ePaths
that is used by our algorithm to significantly reduce search
space.

A. Extensions of an ePath

We can extend an ePath by appending an edge-width pair to
the ePath, provided that constraints similar to (3.3)—(3.5) on
quantum memory and quantum channels are satisfied. This
is formally defined as follows.

Definition 8 (Extension of an ePath): Let =, ,,
[(wo,u1), c1]-[(u1,u2), ca]--- - [(up—1,up),cp) be an h-hop
uo-up, ePath. Let [(up,unt1),cn1] be an edge-width pair
such that

ch+1 S |(Cuh,uh+1 ‘7 (51)
ch+1 S R(Tf‘uo,uh)7 (5'2)
Chp1 < Qury (5.3)

The extension of m, ., by the edge-width pair
[(up,upt1),chi1] is the (h + 1)-hop wo-up41 ePath
[(wo, u1), c1]-[(ur, u2), ca]-- -+ - [(un—1,un), cnl-[(un, unt1),
¢ht1)- The extension of 7 by [(u,v),c] is denoted by
T & [(u,v),c]. O

We illustrate extensions of an ePath with the aid of Figure 5.
Figure 5(a) corresponds to the empty ePath mq = [(s, s), 0]
at node s. Figure 5(b) shows an extension of my by the
edge-width pair [(s,b), 2]. The resulting ePath is m, = w9 &
[(s,0),2] = [(s,b),2]. Figure 5(c) shows an extension of 7y
by the edge-width pair [(b, d), 2]. The resulting ePath is 73 =
w1 @ [(b,d),2] = [(s,b),2]-[(b,d),2]. Figure 5(d) shows an
extension of 5 by the edge-width pair [(d, t), 1]. The resulting
ePath is w5 = w3 @ [(d, t), 1] = [(s,b), 2]-[(b, d), 2]-[(d, ), 1].

B. Path Domination

Let X, denote the number of E2E entanglement generated
across the ePath 7w by Algorithm 1. The throughput of 7 is
T(m) = E[X,] as defined in Definition 5.

Definition 9 (Stochastic Ordering): Let XY € R be
random variables with arbitrary distributions. We say that
X is stochastically larger than Y, denoted by X >, Y (or
Y <4 X),iff E[f(X)] > E[f(Y)] for all increasing functions
fR—=R. ]

Observe that this implies P(X < z) < P(Y < z),Vx € R.
If X and Y have the same distributions, we write X =4 Y.

Let m; and 7o be two ePaths. We say that 7y is stochasti-
cally stronger than o, if X, >4 X, ,, and denote this by
m1 B (or mp Jry).
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(d) Further extension by edge (d,t) and width 1.

Figure 5. Tllustration of extensions of an ePath. (a) The empty ePath at
node s. (b) Extension of the ePath in (a) by [(s,b), 2]; (c) Extension of the
ePath in (b) by [(b, d), 2]; (d) Extension of the ePath in (c) by [(d, ), 1].

It follows from the above definition that T'(my) > T'(m3)
whenever m; > .

Definition 10 (Path Domination): Let 7; and 75 be two
ePaths connecting node u to node v. We say w1 dominates o
(or o is dominated by 1) if 1 &> mo, R(m1) > R(m2), and
W(m) > W(mg). We use 71 = o (or mg < 1) to denote
the fact that 7y dominates 7. O

Theorem 3: Let 7 be an ePath connecting node x to node
y. Let 7’ be the ePath obtained by extending 7 by the edge-
width pair [(y, 2), |, i.e., 7' =7 & [(y, ), ¢]. Then 7 > 7’.

Proof. The number of E2E entanglement over path 7’ is

X <min{X,,c}
< Xr.
Hence X,/ <, X, which proves m > 7. O

Theorem 4: Let 7m; and 75 be two ePaths connecting node
z to node y. We extend both ePaths by the same edge-
width pair [(y, z),c]. If 71 = mq, then m @ [(y,2),¢] =
w2 & [(y, 2), cl. O

Proof. Let X, and X,, denote the number of E2E
entanglement created over ePaths m; and 7y respectively.
Note that m; > 7o implies w1 B> 7o, which in turn implies
X, 2ot Xx,. By [22, Proposition 9.2] we can construct
random variables X and X7 such that X/ and X, have the
same distributions, 7 = 1,2, and X7 is greater than or equal to
X, e, X1 > X, Let w, = m; @ [(y, 2),¢], i =1,2. Let Z;
and Z5 denote the number of swaps attempted when extending
paths 7; and my. They are given by Z; = min{X/, c},
i = 1,2, which satisfy Z; > Z,. Let X/ denote the final
number of E2E Bell pairs across extended ePath 7;, ¢ = 1, 2;

X/ is a binomial random variable with parameters ¢ and Z;.

Here q is the probability of a successful swap. Since Z; > Zo,

it follows from [22, Problem 9.9] that X" >, X/ and, hence,

X1 >st Xqy, which proves 71 @ [(y, 2), ] > w2 @ [(y, 2), c].
Since W (my) > W (ms), we have

W(ﬂ-l D [(y> Z)’ C]) = W(ﬂ-l) X Wy, » (5.4)
> W(ﬂ'g) X Wy, » (5.5)
=W(ms ® [(y, 2),]). (5.6)

Since R(m1®|(y, ), c]) = R(m2®[(y, 2), c]), we have proved
that w1 @ [(y,2), c] = 72 @ [(y, 2), c]. O

Let m = [(s,b),1] and 72 = [(s, a),1]-[(a,)), 1] be two
ePaths connecting s to b (in the example quantum network
in Figure 1). The EPD of 7 is (0.2000,0.8000,0,0). The
EPD of 75 is (0.4960, 0.5040, 0, 0). Hence 7 is stochastically
stronger than my. Since R(m) = R(m2) = 3 and W (m) =
0.9 > 0.81 = W(ms), we conclude that 7; dominates 5.
Note that the throughput of 7, is larger than the throughput
of mg, T'(71) = 0.8000 > 0.5040 = T'(m3).

Suppose we extend both 71 and 7y by the edge-width pair
[(b,d), 1] to get w1 = m1 & [(b,d), 1] = [(s,b),1]-[(b,d), 1]
and 7, = m @ [(b,d),1] = [(s,a),1]-[(a,]),1]-[(b,d),1].
The EPD of 7} is (0.3520,0.6480,0,0). The EPD of 7}
is (0.5918,0.4082,0,0). We observe that 7} > 5. We also
observe that 71 > 7} and 7o I> 7).

While the throughput of the ePath 73 =
[(s,b),2]-[(b,d),2]-[(d,t),1] shown in Figure 2(a) is
larger than that of the ePath w4 = [(s,b), 2]-[(b, ), 2] shown
in Figure 2(b), w3 is not stochastically stronger than my.
Hence neither of them dominates the other.

6. COMPUTING MAXIMUM THROUGHPUT EPATH
WITH FIDELITY CONSTRAINT

In this section, we present an algorithm for computing an
s-t ePath with maximum throughput subject to a fidelity con-
straint, as defined in Definition 7. Our definition of throughput
follows the well-known sequential swapping order [6, 27]
which is best suited for hop-by-hop path finding algorithms,
as the EPD of 7 & [(u,v), ¢| can be computed using the EPD
of 7 and the EPD of [(u,v), ¢] (refer to Theorem 1) with the
sequential swapping order.

A. Description of the Algorithm

Our algorithm creates and manages a set of objects of type
ePATH. Among others, an ePATH object has the following
fields: T is the throughput of the ePath; W is the Werner
parameter of the ePath; endV is the end vertex of the ePath;
endC is the width of the last edge-width pair; p[0:C] is
the EPD of the ePath; pred is the predecessor of the ePath.
All of the above are computed when an ePath is created.
In addition, an ePATH object also has a field active, an
ePath is active if and only if it is not dominated by any ePath
computed by the algorithm.
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There is an array V[1:n] of nodes. For each node ¢,
V[i]|—Q is the quantum memory at node i; V[i]—q is
the success probability of entanglement swapping at node
i; V][i]—activePath is a list of s-i ePaths that are still
active; V[i]>inactivePath is a list of s-i ePaths that are
no longer active; V[i]—adj is the adjacency list of node
i. The algorithm uses a priority queue P(), which contains
pointers to objects of type ePATH, with T as the key. The
algorithm is listed as Algorithm 2.

Lines 1-5 perform initialization of the attributes. The empty
ePath is inserted to PQ. In the while-loop, the algorithm
extracts an ePath 7 with the maximum throughput value
from the priority queue. If 7 is an s-¢ ePath, it is an optimal
solution, and the algorithm stops. Otherwise, if 7 is active
(not dominated), we compute all feasible extensions (Werner
parameter constraint not violated) of 7, discard dominated
ePaths, and insert the non-dominated extensions into PQ.

We use Figure 6 to illustrate the steps of Algorithm 2 while
computing a max-throughput s-¢ ePath with Werner parameter
at least 0.7 (fidelity at least 0.775) in the quantum network
shown in Figure 1. Table II shows the ePaths computed in the
computation of the optimal ePath from s to ¢. Each row of
the table shows the ePath, its predecessor, throughput, Werner
parameter, and residual quantum memory.

In Figure 6, we highlight an ePath being inserted into
PQ in red (then black after its insertion); we highlight the
ePath being extracted from PQ in blue (then purple after
its extraction). In Table II, we highlight an ePath that is
dominated by other ePaths (hence not inserted into PQ) in
blue.

After initialization, the empty ePath m; = [(s, s), 0] with
EPD = (0,0,0,1) was inserted into both PQ and the active
list at node s. At this moment, 71 is the only ePath on PQ.
This is shown in Figure 6(a). The algorithm then enters the
while-loop in Line 6.

In Line 7, m is extracted. Extending 7y by [(s, a), 1], we
obtain the ePath w3 = [(s,a), 1] with EPD = (0.3,0.7,0,0).
mo is inserted into P() and the active list at node a. Extending
71 by [(s, b), 3], we obtain the ePath 75 = [(s, b), 3] with EPD
= (0.008,0.096,0.384,0.512). 73 is inserted into PQ and
the active list at node b. Extending m; by [(s, b), 2], we obtain
the ePath my = [(s,b),2] with EPD = (0.04,0.32,0.64,0).
w4 is inserted into PQ) and the active list at node b. Extending
71 by [(s, b), 1], we obtain the ePath 75 = [(s, b), 1] with EPD
= (0.2,0.8,0,0). 75 is inserted into PQ and the active list
at node b. This is shown in Figure 6(b).

The next ePath extracted from P(Q is 73. Extending 73
by [(b,a), 1], we obtain the ePath 7w = [(s,b), 3]-[(b, a), 1]
with EPD = (0.1965,0.8035,0,0). 7 is inserted into PQ
and the active list at node a. Extending 73 by [(b,d), 1],
we obtain the ePath m; = [(s,b),3]-[(b,d),1] with EPD
= (0.1965, 0.8035, 0, 0). 77 is inserted into PQ and the active
list at node d. Extending 73 by [(b,t), 1], we obtain the ePath
ms = [(s,b), 3]-[(b,t), 1] with EPD = (0.6429,0.3571,0,0).

Algorithm 2: OPTePath(n, C, G, s,t, W)

Input: Network G given in its adjacency lists V[1:n],
source vertex s, destination vertex t.
Output: A max throughput s-t ePath with Werner
parameter at least W.

/+ Preparation and Initialization: */
1 Create an empty priority queue PQ);
2 for Vv € {1,2,...,n} do
3 L V[v]->activePath := NULL;

V[v]->inactivePath := NULL;
4 V[s]->activePath contains a unique ePATH object
with active = 1; endV = s; endC = 0;
pred = NULL; W= 1; T = C; p[C] = 1.0; p[k] = 0.0
for k=0,1,2,...,C — 1; ROM = V[s]->0Q.
5 Insert the ePATH on V[s]->activePath into PQ.
/+ Extraction and Extension: */

¢ while PQ # 0 do

7 Path := ExtractMax(PQ); y := Path->endV;

8 if (Path->active == 0) continue;

9 if (y==1) goto 32; // optimal s-t ePath

10 if (Path—->RoM == 0) then

1 Move Path from V[y]->activePath to
V]y]->inactivePath;

12 continue; // Path cannot be extended

13 my =5 to y path corresponding to Path;

14 for Vedge € V]y]->adj do

15 z := edge—>endV; CH := edge->CH;

p = edge—>p; W := edge—>W;
Bound := min{Path—>RQM, V[z]->Q,CH };

16 if (2 € Ty or W(Path)W < W or Bound < 0)

then continue // not extending

17 for Ve =1,2,..., Bound do

18 newPath := Path & [(y, ), c;

19 for VzPath € V[z]->activePath do

20 if (zPath > newPath) then

21 newPath->active :=0;

// mewPath is not
useful.

22 Insert newPath into
V|z]->inactivePath;

23 goto Line 30;

2 for VzPath € V[z]->activePath do

25 if (newPath > zPath) then

26 zPath->active :=0; // zPath

is no longer useful.

27 Move zPath from
V[z]->activePath to
V[z]->inactivePath;

28 newPath->active = 1;

29 Insert newPath into V[z]->activePath;

Insert new Path into PQ.

30 continue;

31 Exit: No s-t ePath with Werner parameter at least w;
// Exit 1: no ePath

32 Exit: Path is a max throughput s-t ePath with Werner
parameter at least W; // Exit 2: optimal
ePath found
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{o b o}

w T3, T, Tis

(b) 7 is extracted; w2, w3, w4, 75 are created.

{ob

\/T[s, Ty, Ts

(e) w10, 77 and 7 are extracted.

(h) Optimal s-t ePath 712 is extracted; algorithm stops.

Figure 6. Walk-through example of Algorithm 2. A maximum-throughput
s-t ePath with fidelity at least 0.775 (Werner parameter at least 0.7) is
computed through hop-by-hop extensions.

10
Table II
EPATHS COMPUTED IN THE RUNNING EXAMPLE
ePath Description Pred T W R
T the empty ePath at node s NULL 3.0000 1.0000 4
T (s,a),1 st 0.7000 0.9000 1
3 (s,b),3 st 2.4000 0.9000 1
T4 (s,b),2 st 1.6000 0.9000 2
5 (s,b),1 T 0.8000 0.9000 3
6 (s,b),3]-[(b,a),1 3 0.8035 0.8100 1
7 (s,b),3]-[(b,d), 1 3 0.8035 0.8100 2
T8 (s,b), 3]-[(b, 1), 1] 3 0.3571 0.7200 2
9 (s, b), 2]-[(b, a), 1] Ty 0.7776 0.8100 1
w10 [(s, b), 2]-[(b, d), 2] T4 1.3219 0.8100 1
711 (s, b), 2]-[(b, d), 1] my  0.7776 0.8100 2
mi2  [(s, b), 2]-[(b, ), 2] T4 0.6451 0.7200 1
13 [(s, b), 2]-[(b, ©), 1] T4 0.3456 0.7200 2
T4 [(s, b), 1]-[(b, a), 1] 5 0.6480 0.8100 1
m15 (s, b), 1]-[(b, d), 2] 5 0.7128 0.8100 1
mi6__ [(s, b), 1]-[(b, d), 1] 5 0.6480 0.8100 2
mi7 (s, b), 1]-[(b, 1), 2] 5 0.4608 0.7200 1
mig (s, b), 1]-[(b, 1), 1] 5 0.2880 0.7200 2
T [(s, a), 1]-[(a, b), 1] T 0.5040 0.8100 3

mg is inserted into P(Q) and the active list at node ¢. This is
shown in Figure 6(c).

The next ePath extracted from PQ is 74. Extending w4 by
[(b,a),1], we obtain the ePath w9 = [(s, ), 2]-[(b, a), 1] with
EPD = (0.2224,0.7776,0,0). This time we find m9 < mg.
Therefore g is not inserted into P and the active list at
a. Extending w4 by [(b,d),2], we obtain the ePath 719 =
[(s,b),2]-[(b,d), 2] with EPD = (0.0980, 0.4821,0.4199, 0).
Therefore, myy is inserted into P and the active list at
node d. Extending w4 by [(b,d),1], we obtain the ePath
w11 = [(s,b),2])-[(b, d), 1] with EPD = (0.2224,0.7776,0,0).
We find that 717 = m7. Therefore, w11 is not inserted into
PQ and the active list at node d. Extending 74 by [(b,1), 2],
we obtain the ePath mo = [(s,b),2]-[(b,t),2] with EPD
= (0.43783,0.47923,0.08294,0). 712 is inserted into PQ
and the active list at node t. Extending w4 by [(b,1),1],
we obtain the ePath w3 = [(s,b),2]-[(b,t),1] with EPD
= (0.6544,0.3456,0,0). We find that m5 < 7g. Hence 713
is not inserted into P and the active list at node ¢. This is
shown in Figure 6(d).

The next ePath extracted from P(Q) is 71¢. The algorithm
does not extend w1 by [(d, ), 1] because W (m10) X wq, =
0.81 x 0.8 = 0.648 < W = 0.70. The next ePath extracted
from P(Q is 7. For the same reason, the algorithm does
not extend 7r7. The next ePath extracted from P(Q is 7. This
ePath cannot be extended either. This is shown in Figure 6(e).

The next ePath to be extracted from PQ is m5. Ex-
tending 75 by [(b,a),1], we obtain the ePath 74 =
[(s,b),1]-[(b,a),1] with EPD = (0.3520,0.6480,0,0). We
find that m4 =< mg. Hence w4 is not inserted in PQ
and the active list at node a. Extending 75 by [(b,d), 2],
we obtain the ePath m5 = [(s,b),1]-[(b,d), 2] with EPD
= (0.2872,0.7128,0,0). We find that m5 =< mo. Hence
w15 is not inserted into P(@Q and the active list at node
d. Extending 75 by [(b,d), 1], we obtain the ePath 75 =
[(s,b),1]-[(b,d),1] with EPD = (0.3520,0.6480,0,0). We
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find that mg =< m7. Hence 76 is not inserted into PQ
and the active list at node d. Extending w5 by [(b,1),2],
we obtain the ePath m7 = [(s,b),1]-[(b,t),2] with EPD
= (0.5392,0.4608,0,0). We find that 717 < m15. Hence 717
is not inserted into P() and the active list at node ¢. Extending
w5 by [(b, t), 1], we obtain the ePath w15 = [(s,b), 1]-[(b, 1), 1]
with EPD = (0.7120,0.2880,0,0). We find that mg < 7s.
Hence 75 is not inserted into P() and the active list at node
t. This is shown in Figure 6(f).

The next ePath to be extracted from PQ is mp. Ex-
tending 7 by [(a,b),1], we obtain the ePath m9 =
[(s,a),1]-[(a,b),1] with EPD = (0.4960, 0.5040, 0,0). We
find that w9 < 5. Hence w9 is not inserted into P() and
the active list at node b. This is shown in Figure 6(g).

The next ePath to be extracted from PQ is m12. We find
that w15 = [(s,b),2]-[(b,t),2] is an s-t ePath. Therefore, in
Line 9 the algorithm realizes that 712 is a max-throughput
ePath from s to ¢ with Werner parameter at least 0.70. The
algorithm stops. This is shown in Figure 6(h).

B. Analysis of the Algorithm

In this section, we analyze the properties of Algorithm 2. First,
we prove that the algorithm extracts ePaths in non-increasing
order of the throughput. Then, we prove that the first s-t ePath
extracted from the priority queue is the optimal solution.
Lemma 1 (Monotonicity): Let the ePaths extracted from
PQ by Algorithm 2 be 7y, 72, ..., 7. Then
T(m)>T(m), 1<l<r<L. 6.1)
In other words, the algorithm extracts ePaths with non-
increasing throughput. O
Proof. The ePath m; is the empty ePath [(s,s),0], with
throughput C. All other ePaths extracted are extensions of
71. It follows from Theorem 3 that
T(m)>T(nr),r=2,3,...,L
This shows that (6.1) is true for [ = 1.
Assume that (6.1) is true for [ = j, where j is an integer
such that 1 < 57 < L. We prove that (6.1) is also true for
l=75+1
At the time ePath 7,1 is extracted from P(Q), for any
r > j+ 1, m, is either on PQ or not inserted to P( yet.
If 7, is on PQ, we must have T'(m,) < T'(m;11), because
mj+1 has the largest throughput among all ePaths on PQ). If
7, is not on PQ, it must be an extension of an ePath whose
throughput is no larger than T'(7;41), hence has a throughput
no larger than T'(m;11) (by Theorem 3). Therefore (6.1) is
also true for [ = j 4+ 1. By the principle of mathematical
induction, we have proved the lemma. O
Theorem 5 (Optimality): If there is no s-t ePath with
Werner parameter at least W, Algorithm 2 correctly states so.
If there is an s-t ePath with Werner parameter at least W,
Algorithm 2 finds a max-throughput s-t ePath with Werner
parameter at least . (]

(6.2)

11

Proof. If there is no s-t ePath with a Werner parameter at
least W, the algorithm must stop in Line 31. In the rest, we
assume that there is an s-t ePath with Werner parameter at
least .

Let  Tugup = [(uo, u1), er]-[(ur, uz), co]-- - - -
[(upgr—1,um),cg] be a max throughput s-t ePath with
Werner parameter at least W, where ug = s and uy = t. Let
Tugup, = [(Uo,u1),c1] -[(ur,u2),ca]--- -~ [(un—1,un), cn]
be the h-th prefix of my, uy, b = 0,1,2,..., H, where
the O-th prefix of m,, ., is the empty ePath ([ug,uo],0).
For simplicity, we denote 7y, 4, by mp, i.e., T = Tyg,up>
h=0,1,2,...,H.

It follows from Theorem 3 that

T(mp) >T(my) >+ >T(rpy). (6.3)

We claim that for each h = 0,1,2,..., H, either m, is
inserted into P(Q) or a ug-uy, ePath ), is inserted into PQ
during the execution of Algorithm 2, where mj > .

The claim is true for h = 0, since mq is the first ePath
inserted into PQ).

Assume that the claim is true for h = 0,1,...,j, where
7 < H. We will prove that the claim is also true for h = j+1.

If 7; is extracted, then either 7;; is entered into PQ
(because the extension w11 = m; & [(u;, ujt1), Cj+1] 1S
considered by the algorithm) or a ug-u;4; ePath 7r;» 41 has
already been inserted into P(), where 7r§ 117 T

If an ug-u; ePath 7T§- that dominates ; is extracted,
then the extension 7’ @ [(uj,uj11),¢j11] is considered by
the algorithm. Note that 7 @ [(uj,uj11),¢j41] = 7 @
[(uj,uj11),cj41] because 77 = ;. Therefore an ePath that
dominates ;1 must have been inserted into P). This proves
that the claim is also true for h = j + 1. By the principle of
mathematical induction, the claim is true.

Following the above claim, either 7wy or an ePath 7r}1 such
that 7%, > 7 is on PQ. Note that 7, > 7 implies that 7/,
is also a max-throughput ug-up ePath with Werner parameter
at least . Hence the algorithm finds an optimal solution
when one exists. This proves the theorem. (I

7. PERFORMANCE EVALUATION

To evaluate the performance of our proposed algorithm, we
have conducted extensive evaluations. We measure the scala-
bility of our algorithm and compare it with other algorithms
in terms of solution quality and running time. All binaries
are compiled with g++ 13.1.0 and executed on an Ubuntu
20.04 server equipped with two Intel Xeon 6226R CPUs (32
cores, 2.9 GHz) and 512 GiB RAM.

A. Algorithms

We denote our algorithm by OPT-D, here D emphasizes that
the algorithm uses ePath domination. To study the effective-
ness of the ePath domination property, we also implemented a
version of the algorithm without ePath domination (with Lines
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19-27 removed), denoted by OPT—-B. For comparison, we im-
plemented a version of the Q-CAST algorithm [26], denoted
by OCAST. Q-CAST is designed for multi-pair problems
without fidelity constraint. We made a slight modification
of Q-CAST to deal with fidelity constraint. Specifically, we
introduced a Werner parameter to each edge, and added
fidelity as a feasibility constraint: when an edge is relaxed
in the path finding algorithm, we only update the candidate
path at a node when the new path has a larger throughput
without violating the fidelity constraint. We also implemented
a greedy algorithm, denoted by GREEDY, which is a Dijkstra-
like algorithm that extends highest-throughput partial paths
that do not violate fidelity constraint. The difference between
GREEDY and QCAST is that QCAST uses uniform edge width
along a path while GREEDY uses non-uniform edge width
along a path. The major difference between our algorithm
and the baseline algorithms is that the baseline algorithms
maintain a single entanglement path at each node. Our
algorithm maintains a list of non-dominated entanglement
paths at each node. This is key to why our algorithm is optimal
(and requires more time). We did not compare with [38]
because our focus is an optimal algorithm for single pair
without entanglement purification, while [38] focuses on
approximation algorithms for the multi-pair problem which
also employs entanglement purification.

B. Experimental Setup

Topologies. We synthesize Waxman [32] graphs G, with n €
{20, 40, 80, 160, 320, 640, 1280, 2560} using parameters o=
0.4 and 8=0.15; nodes are placed uniformly at random in a
unit square, and each pair (u,v) is connected with probability
Bexp(—d(u,v)/aL), where d is the Euclidean distance and
L is the maximum pairwise distance in the current instance.
Physical parameters. Each node v has a quantum memory
size @, ~ U{Ll,...,10}, and edge (u,v) has |C,,| =
min(Q,, @) parallel channels. Werner parameter w,, ,,, suc-
cess probability of entanglement p,, ,,, and success probability
of entanglement swapping ¢, are drawn i.i.d. from [0, 1].
Fidelity constraints. The fidelity constraints are deter-
mined by the Werner parameter thresholds. We used W =
0,0.25,0.5,0.75 in our evaluations. Recall that F' = %.
These four values of Werner parameters correspond to fidelity
constraints of 1, %, 2, and 13, respectively.

Workload and metrics. For every graph we evaluate up to
min (10000, n(n—1)) E2E pairs chosen uniformly at random,
at different fidelity thresholds V. For each pair we record (i)
wall-clock time ¢, and (ii) achieved throughput T. Reported
values are arithmetic means over all experimented (s, ¢) pairs.

C. Results and Observations

Scalability of OPT-D. Figure 7 plots the average run-
tiime of OPT-D, topr-p versus n for f(E fidelity thresholds
W € {0,0.25,0.5,0.75}. Note that W = 0 corresponds

12

to throughput maximization without fidelity constraint. The
runtime grows roughly linearly with n: from 4 ms atn = 20 to
2.74s at n = 2560. At n = 2560, tightening W decreases the
average runtime significantly. For W = 0,0.25, 0.5, and 0.75,
the average runtime is 2.73s, 0.32s, 18.8 ms, and 0.94 ms,
respectively, all but the unconstrained case under one second.

2
z
b3
b
o
=4
0
280 320 1280
40 160 640 2560
Graph Size (n)
Figure 7.  Average completion time over up to min(10000,n(n — 1)

randomly selected ordered (s, t) pairs for each n and W, using OPT-D.
We observe that the running time of our algorithm empiri-
cally scales well with n, for n as large as 2560. We attribute
this to the effectiveness of the path domination property, to be
elaborated later in this section. Another observation is that the
running time decreases as the fidelity constraint tightens. This
is because the search space reduces as the fidelity constraint
tightens.
Throughput vs fidelity. Figure 8 shows how the throughput
from node 1 to node 2560 (blue) and the average throughput
over 10, 000 random E2E pairs (red) degrade as W increases,
for a quantum network with 2560 nodes. One can prove that
the s-t throughput is non-increasing as the fidelity constraint
tightens up. The same can be said for the average throughput
over multiple E2E pairs. We observe that our result matches
the theory.

Scenario Avg. over 10,000 (s,t) pairs =®= Single run (s=1, t=2560) ‘

0.10

TO PT-D

0.05

- \\

0.000

0.125 0.250 0.375 10500 0.625 0.750

Fidelity Requirement (W)

Figure 8. (Orange) Average Topr-p of 10,000 randomly selected (s, 1)
pairs in different W, n = 2560. (Blue) Single run with s = 1,t =
2560, n = 2560.

Effect of path domination pruning. We found that both
OPT-B and OPT-D achieve the same optimal throughput,
while OPT-B takes longer than OPT-D.

Table III shows the difference in running time for com-
puting a maximum throughput ePath from node 5 to node 3
in the quantum network with 20 nodes, for different fidelity
constraints. As can be seen in the table, for W = 0, OPT-D
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Table IIT

COMPARISON OF TWO ALGORITHMS WITH n = 20, s = 5,t = 3, AND
W = {0,0.25,0.5,0.75}.

took 0.01541 seconds and used 699 ePath objects, while
OPT-B took 4353.7 seconds and used 1.566e7 ePath objects.
Clearly, the running time of OPT-B can be exponential in
the worst case. This extreme case magnifies the effectiveness
of the pruning strategy in OPT-D.

wilo 0.25 o5 [l 075

Avg. Time Ratio (log scale)

1280

20 40 80 160 320 640
Graph Size (n)

Figure 9. Average time ratio of min (10000, n(n — 1)) randomly selected
(s, t) pairs in graphs with n = {20, 40, 80, 160, 320, 640, 1280}, W =
0,0.25,0.5,0.75 using OPT-B algorithm over OPT-D.

To study the effectiveness of the pruning strategy without
excessive use of time and memory, we compute the average
of min(1000, {==) over min (10000, n(n — 1)) runs for n =
20, 40, 80, 160, 320,640, 1280 and W € {0,0.25,0.5,0.75}.
Figure 9 reports the mean on a log;( y-axis. Disabling pruning
incurs a 10-200x penalty at W = 0 and remains greater
than 5x even at W = 0.5. Note that we limit OPT-B’s
approximate run time to be 1000 times that of OPT-D for
logistical reasons, as some test cases would consume more
than 512 GB of RAM available. Therefore, the average time
ratio presented in Figure 9 is a lower bound of the true ratio.

Solution quality vs other algorithms. Our algorithm OPT-D
is the first optimal algorithm for solving the general prob-
lem studied in this paper. To gain some insight into the
improvement of our algorithm over existing algorithms (not
guaranteeing an optimal solution), we compare OPT-D with
Greedy and QCAST.

Figure 10 compares TTG“&"Y and TQCASE on the largest topol-
ogy (n = 2560). Ratios are averaged over pairs for which
OPT-D finds positive throughput and excludes infeasible
pairs. We observe that OPT—D outperforms both QCAST and
Greedy.
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Figure 10.  Average ratio of throughput over 10,000 randomly selected
pairs using Greedy and QCAST over OPT-D in different W, n = 2560.

8. CONCLUSIONS AND FUTURE RESEARCH

In this paper, we presented an extensive study of the problem
of computing an E2E entanglement path subject to both
fidelity and throughput constraints. In our problem, the fidelity
and entanglement generation success probability may vary
from link to link. Also, the entanglement swapping success
probability may vary from node to node. The number of
available channels on links and the number of available
quantum memories at nodes are also taken into consideration.
We prove that this problem is NP-hard. We design an
algorithm for computing an E2E entanglement path with
maximum throughput subject to fidelity constraint. To achieve
this goal, we develop and prove the path domination theory
which makes our algorithm very effective. We have restricted
our attention of the sequential swapping order, where we
proved optimality. Other swapping orders may lead to higher
throughput of the ePath computed. However, computing the
optimal swapping order of an ePath is challenging. Designing
algorithms to compute an ePath with maximum throughput
under other swapping orders remains open.

The integration of the proposed path computation into a
deployed quantum network can be achieved by maintaining a
dynamic global network state. Once established, these paths
remain in place for extended duration. Also, in addition
to optical links and nodes that comprise the entanglement
paths, a conventional network is utilized for supporting path
computations and also conventional communications needed
for entanglement swapping.

In the current paper, we have not considered the impact
of qubit decoherence [12]. A natural approach is to factor
this into the fidelity constraint. We are working on this in
a future paper. We have concentrated on single path routing
for single pair in this paper. It can be shown that higher E2E
throughput can be achieved via multi-path routing. Extending
the techniques developed here to the case of multi-pair and
multi-path routing remains an open research problem.

Appendix A: PROOF OF THEOREM 2

We prove that the FnT-constrained ePath problem is NP-hard
by a reduction from the 2-additive metrics path problem
(2APP), which is known to be NP-hard [31].
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An instance Z; of the 2APP problem is given by an
undirected graph G = (V, E,«, 3), a source node s € V,
and destination node ¢ € V, and two positive numbers & > 0
and 3 > 0. Here for each edge ¢ € E, a(e) > 0 and 3(e) > 0
are two edge attributes. The problem asks for an s-t path 7
in G such that 3, a(e) <a@and Y . B(e) < B.

We construct an instance Z, of the FnT-constrained ePath
problem as follows. We set 7 = exp(—a) and F =
w. For each vertex v € V, we set Q, = 2 and
¢v» = 1. For each edge (u,v) € E, we set

|Cu,v‘ =1, (A.1)

p(ua U) = exp(fa(ua U))v (A2)

w(u,v) = exp(—PB(u,v)). (A.3)

Assume that ug—ui—---—uyp is an s-t path in G sllch that

Z?:l a(ui_l,ui) § @ and Z?:l ﬂ(ui_l,ui) S 6 Then

[(wo, u1), 1]-[(u1,us),1]-- - - —=(up—_1, upn), 1] is a feasible so-
lution to Zs.

Assume that [(ug,u1),c1]— - —(up—1,un),cy) is a feasi-

ble solution to Z,. Since 7 > 0, we must have ¢; > 1 for
all i = 1,2,...,h. Since |C, | = 1 for each (u,v) € E,
we must have ¢; < 1 for all : = 1,2,..., h. The throughput
of [(ug,u1),c1]—-+-—(up—1,un),cy] is at least 7 and the
fidelity of [(ug,u1),c1]—-—(up—1,un),cp] is at least F
implies that ug—u1— - - - —uy, is a feasible solution to Z;. Since
the 2APP problem is NP-hard [31], we have proved that the
FnT-constrained ePath problem is also NP-hard. ]

Appendix B: DIFFERENTIATION WITH FLOW-BASED
MODELS

Chakraborty et al. [5] studied a closely related problem. Here
we use an example to demonstrate that the problem studied
in [5] is different from the problem studied in this paper.

Reference [5] assumes that all links have the same fidelity.
Under this assumption, together with the assumption that the
swapping success probability is a constant across all nodes,
the paper was able to transform the fidelity constraint to hop-
count constraint, leading to a polynomial time algorithm. In
our paper, we do not enforce these constraints.

(1.0, 1.0)
oV, 0
0.9
Figure 11.

Figure 11 shows a quantum network with four vertices
and three links. The links (v1,v9) and (ve, v3) both have two
available channels, each with entanglement generation success
probability 0.5 and fidelity 1.0. Link (v3, v4) has one available
channel, with entanglement generation success probability 1.0
and fidelity 1.0. Nodes v; and v2 each have 4 quantum mem-
ories. Nodes v3 and v4 each have 3 quantum memories. The
entanglement swapping success probability for all nodes is 0.9.
We want to compute the maximum throughput between v; and
v4. The v1-v4 ePath with maximum throughput is [(v1, v2), 2]-
[(v2,v3),2]-[(vs,v4), 1], with EPD (0.539312,0.460688, 0)

(0.5,1.0) Q)

< (05,1.0) B0\
6V, of {ov, o {ovso
0.9 \0.9/ 0.9

Quantum network A.
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and throughput 0.460688. The model in [5] computes the ca-
pacity of a link e with entanglement generating success proba-
bility pe by ce = ps(1—(1—pe)™), where m > 1 is a positive
integer and ps > 0 is the entanglement generation rate.
Hence the capacities of the links (vy,v2), (v2,v3), (vs,vy4) are
2(1 = 0.5™)pus,2(1 — 0.5™) s, and pg, respectively. Using
the calculations of [5], the maximum v;-vy4 throughput is
0.9x0.9xmin{2(1—0.5") s, 2(1—0.5™) s, pis } = 0.81p4
for any m > 1. For pg = 1, the maximum v;-v,4 throughput
computed by [5] is 0.81 which is larger than the maximum
v1-vy throughput computed in this paper.

60 (10,100 50O\ (1.0,1.0) 9 (1.0, 1.0) Q)
OV Of {o v, o= lovso oV,0
0.9 \o039/ 09 0.9
Figure 12. Quantum network B.

Let us modify the quantum network in Figure 11 by chang-
ing the entanglement generation success probability of the
links (v1,wv2) and (v, v3) from 0.5 to 1.0. This is illustrated
in Figure 12. Our paper finds the v;-v4 ePath with maximum
throughput to be [(v1,v2), 2]-[(v2,v3), 2]-[(vs, v4), 1], With
EPD (0.109, 0.891, 0) and throughput 0.891. The model in [5]
computes the maximum throughput from v; to vy to be
0.81pg, for any m > 1. For ps = 1, the maximum v;-vy
throughput computed using the model in [5] is 0.81, which
is smaller than the maximum v;-v4 throughput computed in
this paper.

The above examples show that the model in [5] and the
model in this paper are different.

There are many papers that use flow-based models [10,
15, 37]. These flow-based models are also different from the
model in our paper. For the network in Figure 11, the model
in [37] computes a capacity of 1/0.9,0.9, /0.9 for the links
(v1,v2), (v2,v3), and (vs, v4), respectively, leading to a v1-vy
throughput of 0.9. For the network in Figure 12, the model
in [37] computes a capacity of 2 x 1/0.9,2 x 0.9,1/0.9 for
the links (v1,v2), (v2,v3), and (vs, v4), respectively, leading
to a v1-v4 throughput of 1/0.9. In both cases, the model in
[37] computes an upper-bound on the throughput computed
in our model. The same is true for many flow-based papers.
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